Abstract. We show that general Clifford double mirrors constructed in [BL16] are derived equivalent.
Introduction
Mirror symmetry originated from the observation in physics that different Calabi-Yau threefolds may provide (physical) compactifications of dual string theories. In particular, all physical predictions of the two theories are the same. Such Calabi-Yau varieties are called mirror pairs. Mathematically, mirror symmetry is reflected by the relations between mirror pairs on Hodge numbers, derived and Fukaya categories, Gromov-Witten invariants, etc.
In recent years, much of the attention has been drawn to the double mirror phenomenon, that is, two Calabi-Yau varieties are both mirror to a same Calabi-Yau variety (also called multiple mirror phenomenon in [CK99] ). In this scenario, properties of double mirror Calabi-Yaus can be read off from mirror symmetry predictions. For example, their (p, q)-stringy Hodge numbers should be same as they should both equal to the (n − p, q)-stringy Hodge number of their common mirror; their derived categories are expected to be equivalent, because according to homological mirror symmetry conjecture [Kon95] , they are both equivalent to the Fukaya category of their mirror.
These properties have been studied for various known double mirror pairs. For the Batyrev-Borisov double mirrors, the equality of their stringy 1 Besides above physics considerations, there are a number of sporadic examples [Muk88, Kuz08, CDH + 10, Add09, CT15] in the literature involving derived equivalent noncommutative varieties which postulates their connections with double mirror phenomenon. It is this observation that motives our work [BL16] to uncover the toric geometry underlings of such examples and relates them to mirror symmetry.
In [BL16] , we work in a slightly more general setting of Batyrev-Borisov construction where we consider a pair of reflexive cones (see Definition 2.2). It has been known that a decomposition of the degree element of a reflexive cone with coefficients 1 will result in Batyrev-Borisov double mirrors (i.e. two Calabi-Yau complete intersections as double mirrors in the BatyrevBorisov construction). We generalize this by allowing coefficients 1/2 in the decomposition of degree element, and construct a noncommutative variety (stack) (S, B 0 ) associated to it, where S is a complete intersection in a Fano toric variety and B 0 is a noncommutative sheaf of algebra. Such construction depends on a parameter r which "counts" how many terms with coefficients 1/2. When r = 0, then B 0 = 0, and we are back to the Batyrev-Borisov situation where the noncommutative variety is just a commutative Calabi-Yau variety. However, when r > 0, B 0 is non trivial and S is no longer CalabiYau. In this case, (S, B 0 ) can be viewed as a noncommutative Calabi-Yau variety and we call it (general) Clifford mirror. One main result of [BL16] (Theorem 6.3) is that when r archives its extreme values (i.e. the complete intersection and pure Clifford mirror cases), the corresponding double mirrors are derived equivalent. We conjectured further that for general r, the corresponding general Clifford double mirrors should also pass the double mirror tests. Especially, under some appropriate conditions, no matter which r is chosen, they are all derived equivalent ( [BL16] Conjecture 7.5).
The goal of present paper is to give an affirmative answer to that conjecture (Theorem 3.12).
We briefly discuss the content of each section. In Section 2, we explain the construction of general Clifford mirror in [BL16] . During that course, we give necessary combinatoric definitions and fix the notation. In Section 3, we give a proof for derived equivalence of such Clifford double mirrors. It relies on Shipman, Isik, Hirano's result on Knörrer periodicity [Shi12, Isi13, Hir16] and homological variations of GIT quotients [BFK12, HL15] . The section ends up with remarks on possible ways to check other relations between general Clifford double mirrors. In Section 4, we give examples of general Clifford double mirrors and heuristic explanations of the derived equivalence in such situations.
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The construction of general Clifford double mirrors
In this section, we recall the construction of general Clifford double mirrors given in [BL16] (see Section 7), and fix the notation used throughout the paper. We begin with some combinatoric definitions.
Let M ∼ = Z rank M be a lattice and let N := Hom Z (M, Z) be its dual lattice. The natural pairing is given by
The pairing can be R-linearly extended, and we still use , to denote this extension.
Definition 2.1. A rational polyhedral cone K ⊂ M R is a convex cone generated by a finite set of lattice points. We assume that K ∩ (−K) = {0}. We call the first lattice point of a ray ρ of K a primitive element or a lattice generator of ρ.
Definition 2.2 ( [BB97]).
A full-dimensional rational polyhedral cone K ⊂ M R is called a Gorenstein cone if all the primitive elements of its rays lie on some hyperplane −, deg ∨ = 1 for some degree element deg ∨ in N . A Gorenstein cone K ⊂ M R is called a reflexive Gorenstein cone iff its dual cone K ∨ := {y | x, y ≥ 0 for all x ∈ K} is also a Gorenstein cone with respect to the dual lattice N . We consider a pair of reflexive Gorenstein cones K and K ∨ in lattices M and N with degree elements deg ∈ K and deg ∨ ∈ K ∨ respectively. Suppose the index of this pair of Gorenstein cones is k = deg, deg ∨ . In addition, we consider a generic coefficient function
where
As explained in [BL16] (see Section 2 and 7), a decomposition of the degree element deg ∨ as a summation of lattice elements encompasses the data for toric double mirrors. For example, if deg ∨ can be expressed as a linear combination of elements in K ∨
(1) with coefficients 1, then all such decomposition will result in the Batyrev-Borisov double mirrors (see [Li13] Theorem 3.4); and if the linear combination is of coefficients 1/2, they will correspond to the pure Clifford double mirrors. This justifies the following consideration of both types of coefficients.
Suppose that we have
for some 0 ≤ r ≤ k, with s i , t j ∈ K ∨ ∩ N . The (k + r) elements s i and t j are assumed to be linearly independent. In addition, there should exist (and be chosen) a regular simplicial fan Σ (see [CLS11] Definition 15.2.8) with support K ∨ such that the following centrality condition holds (see [BL16] (7.1)). (2.3) All maximum dimensional cones of Σ contain {s i , t j } as ray generators.
We follow the usual process to define toric stacks (see [BCS05] ). First, we consider the Cox open subset
(1) → C such that the preimage of 0 is a subset of Σ. For simplicity, let {s i ; t j } denote the set {s 1 , . . . , s 2r , t 1 , . . . , t k−2r }. We can similarly consider the subset
−{s i ,t j } that corresponds to the stacky fan Σ for the group (2.5)
We have
where the last two components correspond to coordinates of z at s i and t i .
There is a groupĜ defined by (2.6)Ĝ := {λ :
where Ann(deg
. The groupĜ acts naturally on U Σ . It has a subgroup H ⊂Ĝ which is isomorphic to C * with action (2.7)
(1) − {s 1 , . . . , s 2r , t 1 , . . . , t k−r }. It is shown in [BL16] Section 5 that the toric DM stack corresponding to (N , Σ) can be realized as the quotient of U Σ by
There is a G-invariant polynomial which will be called potential in the sequel (2.9)
The potential C(z) is of total degree 2 with respect to H ∼ = C * . It can be further written as (2.10)
where C 1 (z) is a linear term in z(t i ), and C 2 (z) is a quadratic term in z(s i ). More precisely,
If we let
Indeed, by the decomposition (2.2) and the choice of m ∈ K (1) , we see that if m, t i = 1, then m, s l = m, t j = 0 for all s l and t j = t i . It is straightforward to verify that C 2 (z) and z(t i )f i are bothĜ-semiinvariant section with character
where α ∈ M is any lattice point satisfying α, deg ∨ = 1.
One can check thatĜ is generated by H and another subgroup
In particular, this shows that f i isĜ-invariant.
We use
It can be viewed as the zero locus of the section f :
Moreover, Y is G-invariant, and will be proved to be a complete intersection in Proposition 3.5.
We then define S as the quotient stack [Y /G]. The sheaf of (even part of) Clifford algebras B 0 on S = [Y /G] is defined by using the quadratic part C 2 (z) of C(z). We formulate its definition as follows.
where z ∨ i are noncommuting variables. Then the even part of sheaf of Clifford algebra over Y ⊆ U Σ is defined to be the noncommutative locally constant sheaf of algebra
where even refers to elements of even degrees in z ∨ i . It has a naturalĜ-equivariant structure which descends toĜ/H = G (see [BL16] Remark 7.4). Then B 0 on [Y /G] is defined to be above even part of sheaf of Clifford algebra over Y ⊆ U Σ with G-equivariant structure. This definition generalizes the pure Clifford mirror (i.e. r = 2k case) considered in [BL16] Section 5 to a complete intersection in a toric stack. The main conjecture of [BL16] is that for a fixed reflexive Gorenstein cone and varied r, all the decompositions (2.2) will give double mirrors. In terms of homological mirror symmetry, this can be formulated as follows.
Conjecture 2.6. Under the centrality and appropriate flatness assumptions, the bounded derived categories of coherent sheaves on (S, B 0 ) are all equivalent.
This conjecture holds in the boundary cases. The goal of this paper is to show that for all r, 0 ≤ r ≤ 2k, Conjecture 2.6 still holds. This is a strong evidence that the construction (S, B 0 ) are indeed double mirrors, and we expect that they should also pass other tests of mirror symmetry.
3. Derived equivalence of general Clifford double mirrors 3.1. Derived factorization category and Hirano's result. The technical tools used to prove Theorem 3.12 are the relations of derived categories between variation of GIT (see [BFK12, HL15] ) and Hirano's analogy of Isik and Shipman's result (see [Shi12, Isi13] ) in the matrix factorization categories [Hir16] . First recall the definition of derived matrix factorization categories of [Pos11, EP15] (see [Hir16] Definition 2.10).
Definition 3.1. Let X be a scheme, and G be an affine algebraic group acting on X. Let χ : G → G m be a character of G, and W :
where F i are G-equivariant coherent sheaves on X and φ i are G-equivariant homomorphisms. They satisfy the relations
A morphism of factorizations g : E → F is a pair of morphisms (g 1 , g 0 ) that commute with φ E i and φ F i . We use Coh G (X, χ, W ) to denote this abelian category of factorizations.
There also exists a notion of chain homotopy between morphisms in Coh G (X, χ, W ) and we let Kcoh G (X, χ, W ) be the corresponding homotopy category. One can define a natural translation and cone construction in Kcoh G (X, χ, W ). These give a triangulated category structure on the homotopy category. Let Acoh G (X, χ, W ) be the smallest thick subcategory of Kcoh G (X, χ, W ) containing all totalizations of short exact sequences from Coh G (X, χ, W ) (see [Hir16] Section 2).
Definition 3.2. The derived factorization category of data (X, χ, W, G) is defined as Verdier quotient
To state Hirano's result ( [Hir16] Theorem 4.2), let us fix the following notation. For consistency, it appears slightly different here than that in [Hir16] .
Let U be a smooth quasi-projective variety, G be an affine algebraic group acting on U , χ : G → G m be a character, and C 2 : U → A 1 be a χ-semiinvariant regular function. Suppose there is a G-equivariant locally free sheaf E over U , and a G-invariant section f ∈ H 0 (U, E ∨ ). Let Z be the zero locus of f . We call f to be a regular section if the codimension of Z in U is rank E (see [Hir16] Section 4). Set E(χ) = E ⊗ O(χ) for the character χ, and V U (E(χ)) := Spec(Sym
• (E(χ) ∨ )) the corresponding vector bundle with induced G-action. Let q : V U (E(χ)) → U and p : V (E(χ))| Z → Z be two natural projections. The regular section f induces a χ-semiinvariant regular function C 1 : V U (E(χ)) → A 1 . Locally, this means that we associate f = (f 1 , . . . , f rank E ) to a function C 1 = rank E i=1 z i f i , where z i are indeterminates such that g ∈ G acting on z i equals to χ(g)z i . 
3.2. Proof of the main theorem. Suppose there are two decompositions as (2.2)
and respective regular triangulations Σ,Σ which satisfy centrality (2.3). Then, there exist general Clifford double mirrors (S, B 0 ) and (S,B 0 ) as constructed in Section 2. In order to show their derived equivalence, we first employ a derived version of Cayley trick, that is, we associate each derived category to a derived matrix factorization category with common potential C(z); then a homological variation of GIT argument for derived categories will establish the desired equivalence.
Let us first work with deg
The other decomposition can be treated analogously. We will show that the regularity assumption in Theorem 3.3 is satisfied for the generic Y in the general Clifford mirror construction. The following proposition is due to Lev Borisov.
. It suffices to show that there is no common zeros for all monomial functions F m . F m is non-zero on (C * ) # Vert(Σ) ⊂ U Σ , hence we only need to consider zero loci on the boundary divisorsD n := {z(n) = 0} ⊂ U Σ for n ∈ K (1) − {s i ; t j }. By direct computation, the zero divisor of F m is
Assume the opposite. If there were a closed point z ∈ U Σ on which all F m are zero, we may assume that the set of zeroes of z lies in the maximum conē σ of Σ. This implies that the pairing m, n is positive for at least one n which is the preimage of a generator of Σ under Σ → Σ. Indeed, otherwise, the corresponding monomial F m does not involve any of the coordinates that vanish on z.
Let n 1 , . . . , n d be the preimages in K ∨ (1) of the generators ofσ. Then the preimage σ ofσ is the maximum cone with generators n 1 , . . . , n d , s 1 , . . . , s 2k , t 1 , . . . , t r−k .
Consider the facet θ of this cone generated by all of the above elments, except t i . This facet θ is a part of a facet of K ∨ . Indeed, otherwise, it would be in the interior of K ∨ but then points on the opposite side of t i can not be in any cone that contains deg ∨ . This contradicts centrality.
The dual face of θ is generated by some point m ∈ K (1) . We must have m, t i = 0, since otherwise m is orthogonal to all of σ and must be 0. Therefore, we have m, t i = 1 and m, n j = 0 for all j by the definition of the dual face. Thus this m gives a monomial F m which is nonzero on z. This is a contradiction.
The upshot of the above discussion is the desired regularity property of
O Σ ) on U Σ (see Section 2 for notation and (2.16) for the fact that f i isĜ-equivariant). Recall that by definition (2.5),
The Cox open set U Σ can be viewed asĜ = G × H invariant variety with H acts trivially. We define twoĜ-equivariant locally free sheaves F L and
O U Σ be the rank k − r locally free sheaf associated to those t i , or the linear part of the potential. Let
be the rank 2r locally free sheaf associated to s i , or the quadric part of the potential, where χ i is the character χ i (λ) = λ(z(s i )).
The vector bundle V U Σ (F Q ) has aĜ = G × H action given by
whereḡ ∈ G acts onx ∈ U Σ by the action of G on U Σ , and
and according to the discussion in Section 2, it is aĜ-semiinvariant with character χ. Similarly, the vector bundle
, whereḡ ·x, t · z(s i ) are the same as (3.1), and t · z(t j ) = t 2 z(t j ). Recall that by (2.16), we have χ(λ) = λ(z(t i )) which amounts to multiple by t 2 under the identificationĜ = G × H. Then f = (f i ) i is anĜ-equivariant section of F L according to the discussion in Section 2, and C 1 = k−r i=1 z(t i )f i in (2.14) isĜ-semiinvariant with character χ.
By the previous discussion, we have
We also write C 2 for the pullback of C 2 to this vector bundle. The zero loci of f is exactly Y and C 2 (z) restricts to V (F Q | Y ) is a quadric section, and hence associated to a sheaf of even Clifford algebra whose pullback to
Remark 3.6. We slightly abuse notation above: technically, the twist of χ should be on the locally free sheaf E which is the pullback of F L over the morphism
according to the notation in Theorem 3.3.
We need flatness assumption for the quadric fibration defined by C 2 (z): 
Proposition 3.9. Under the same assumption as before, there exists derived equivalence
Proof. By Proposition 3.8, we have
, and the associated χ-
. By Proposition 3.5, we know C 1 (z) is regular. Then by Theorem 3.3 (see Remark 3.6), there exists equivalence
as there are no linear terms in C 2 (z). Finally, by the decomposition (2.10), C(z) = C 1 (z) + C 2 (z), we have the desired equivalence.
By the same argument, we can establish the derived equivalence
where( ) represent the analogous construction from the decomposition deg ∨ = t 1 + . . . +r k−l + 1 2 (s 1 + . . . +s 2l ), and simplicial fanΣ satisfying centrality condition. We emphasize that C(z) is the restriction of the same potential function (2.9)
hence we use the same symbol. Moreover, by the definition ofĜ (see (2.6)) and χ , they do not depend on decompositions.
Next, we relate the two matrix factorization categories by the result of [BFK12] .
Proposition 3.10. There exists derived equivalence
Proof. This result is proved in [BL16] Theorem 3.2. By (3.2), the category Put above results together, we have the desired equivalence:
Theorem 3.12. Under the flatness assumption (3.3) on quadric fibrations, the general Clifford double mirrors (S, B 0 ) and (S,B 0 ) are derived equivalent.
Proof. By Proposition 3.9, we have
By Proposition 3.10, we have D
Remark 3.13. We assume the existence of quadric fibration and its flatness in Theorem 3.12. Hence, r > 0 in the decomposition (2.2). When r = 0, the associated noncommutative variety becomes the commutative Calabi-Yau variety (stack) Y which is the Batyrev-Borisov complete intersection in the Fano toric variety. We still have derived equivalence between D b (Y) and D b (S, B 0 ) assuming the later having flat quadric fibration. This is because, D b (Y) is also equivalent to DcohĜ(U Σ ′ , χ, C(z)) by Shipman and Isik's result [Shi12, Isi13] (notice that due to the flatness assumption in Hirano's Theorem, we cannot apply it here). Therefore, by Proposition 3.10, we still have 
Examples
One type of examples of general Clifford double mirrors can be obtained as follows. Suppose there are two reflexive Gorenstein cones K 1 , K 2 in the lattices M 1 , M 2 respectively. Suppose their dual cones are
with degree elements deg
Then there is rational polyhedral cone (4.1)
It is a reflexive cone with degree element deg
2 }, and hence K, K ∨ is a pair of reflexive Gorenstein cones whose index is deg 1 , deg
Now suppose the "pure" double mirror phenomenon happens for the reflexive Gorenstein cones K 2 , K ∨ 2 . To be precise, this means we have
that is we have (2.2) without t-s. Moreover, we also assume the centrality conditions for triangulations of K 2 . If there exists deg 
The two triangulations Σ andΣ are regular and satisfy the centrality condition (2.3). As a result, we obtain a general Clifford double mirror from the pure ones.
Because the t-part in two expressions of (4.5) are the same, we can view the Clifford double mirror obtained above as a family version of the pure Clifford double mirror parametrized by the complete intersection defined by deg
The picture becomes more complicated when there are multiple ways to express deg In some sense, the general Clifford variety for the later decomposition is itself "parametrized" by a noncommutative variety.
Perhaps, the most simple example of the above kind can be built upon the anticanonical hypersurface associated to the Fano toric variety defined by a reflexive polytope. For example (cf. [BL16] Section 9.4), considering the 2 dimensional reflexive polytope ∆ = Conv{(1, 1), (1, −1), (−1, −1), (−1, 1)} ⊂ (M 1 ) R , whose dual polytope is
Then a pair of reflexive Gorenstein cones can be associated to these polytopes
The degree element deg ∨ 1 can be written in two different ways:
where s 1 = (1, −1, 0), s 2 = (1, 1, 0). Let us denote (1; 0) by t for consistency.
Let E be an one dimensional variety defined by the expression deg
It is an elliptic curve in P ∆ ∨ = P 1 × P 1 given by equation f =a 11 x −1 y + a 12 y + a 13 xy
where a ij ∈ C are generically chosen coefficients.
There is a Clifford double mirror (S, B 0 ) associated to deg
To be precise, M ∨ 1 = Z 3 /Z 3 ∩(Rs 1 +Rs 2 ) ∼ = Z, and Θ = (K ∨ 1 ) (1) = Conv(−1, 1), the toric stack P Θ is actually the smooth toric variety P 1 . By straightforward computations, one can find that among the lattice points of (K 1 ) (1) , elements in {(1, −1, 1), (1, −1, 0), (1. − 1, −1)} pairing with s 1 equal to 2; elements in {(1, 1, 1), (1, 1, 0), (1, 1, −1)} pairing with s 2 equal to 2; and elements in {(1, 0, 1), (1, 0, 0), (1, 0, −1)} pairing with both s 1 , s 2 equal to 1. If we use z 1 , z 2 for the coordinate of the vector bundle, and t for the coordinate of the base S = P 1 , then the quadric fibration can be written as where a ij are the same coefficients as (4.6). This is a family of quadrics parametrized by t, and because their coefficients are chosen generically, the corank of this quadric is less than 2 for any t. Hence the derived category of (S, B 0 ) is equivalent to a commutative varietyS, which is a ramified double cover of S (see [Kuz08] Corollary 3.14). Moreover, the ramification loci is determined by where the quadric degenerates, that is, (a 11 t + a 21 + a 31 z −1 )(a 13 t + a 23 + a 33 t −1 ) − 1 4 (a 12 t + a 22 + a 32 t −1 ) = 0.
Hence, the ramification loci on CP 1 is exactly the same as those of E over P 1 . This shows thatS, E are in fact isomorphic elliptic curves. In particular, The first expression corresponds to Batyrev-Borisov complete intersection, which is a product of two elliptic curves E × E according to the previous discussion; the third expression corresponds to the "pure" Clifford double mirror (S K , (B K ) 0 ) explored in [BL16] (or viewed as a special case of general Clifford double mirror). Their derived equivalence is a consequence of the Theorem 6.3 of [BL16] . The second expression exhibits the general Clifford double mirror (S gen , (B gen ) 0 ) considered in this paper, where the hypersurface S gen = E defined by (t 1 ; 0) "parametrizes" pure Clifford double mirror (S t , (B t ) 0 ) = (S, B 0 ). We had shown that E and (S, B 0 ) have equivalent derived categories. Therefore, it is reasonable to have the derived equivalence
